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Abstract 

The Newton series which interpolate finite multiple harmonic sums 
are useful in the study of multiple zeta values (MZV's). In this paper, we 
prove that these Newton series can be written as multiple series. As an 
application, we give a formula for MZV's which contains the duality. 

1 Introduction 

Let fci, . . . , k p be positive integers and fci > 2. Then the following nested series 

* , 1 



C(fci, . . . , k p ) — 



ni>—>n„>0 "1 '" n P 



is called a multiple zeta value, which is introduced by Hoffman [V\ and Zagier 
[7 . It is known that there are many Q-linear relations among these numbers. 
For example, the simplest one is the relation 

C(3)=C(2,1), 

which is due to Euler. In recent years, a great deal of work has been done on 
the problem of finding all such relations. Among others, the regularized double 
shuffle relations studied by Ihara, Kaneko and Zagier are conjectured to imply 
all Q- linear relations [2]. 

The Newton series which interpolate finite multiple harmonic sums seem to 
be useful for the study of relations among multiple zeta values (MZV's). In 
fact, in [3J, a formula which contains Ohno's relation was derived by using these 
series. (Ohno's relation is a generalization of the duality and the sum formula 
and gives many relations among MZV's [pj.) Let a be a multi-index (i.e. an 
ordered set of positive integers). Then the Newton series used in [3J is as follows: 

F a (z) = Y(-ir(VS a )(n) r: 



n=0 



where V denotes the inversion operator on the space C N of complex-valued 
sequence (see Definition I2.3|) and the sequence S a is defined by 

n>n 1 > -->n p >0 y ' VP 1 



1 



(In this paper, we denote by N the set of all non-negative integers.) The series 
F a (z) converges in the half-plane Rez > —1 and takes the value S a (n) at 
z = n G N. In addition, its Taylor coefficients at the origin are expressed in 
terms of MZV's. Our objective in this paper is to present another expression 
of the Newton series F a (z). This Newton series can be written as a multiple 
series. 

In Section [3j we will define a multiple series G a (z) for any multi- index a. 
For example, we have 

1 1 \ 1 



c — ' V iii n-i + z I 



ni>n 2 >n 3 >n4>n 5 >nQ>0 



ni ni + z ) nin^in^ + z)n 5 n e ' 



G a , 2 ,a(*)= E ' ' 



n 1 >n2>n 3 >n4>n^>n & >0 



ni ni + z J n 2 (?i 3 + z)n 4 (n 5 + z)n e 



and 

Gl,l,3,lW = E 

™l>™2>n.3>«4>«5>fl6>0 



n\ m + Z J (n 2 + z)(n 3 + z)n 4 n 5 (n 6 + z) 



1 13 1 

The following is our main result: For any multi- index a, we have 

F a (z) = G a \(z), Rez>-I, 

where a y is the dual multi-index of a and is defined in Section [5J (Actually, 
we give the above equation in a larger half-plane. See Theorem 14.41 ) As an 
application of this equation, we prove a formula for MZV's which contains the 
duality (Proposition [ 



2 Multi- indices and finite multiple harmonic sums 

In this section, we give some definitions related to multi-indices and finite mul- 
tiple harmonic sums which are used throughout the paper. 

A finite sequence of positive integers is called a multi-index. The length and 
the weight of a multi- index a — (a\, . . . , a s ) are defined to be 

1(a) := s and \a\ := a\ + • • • + a s , 

respectively. Let m be a positive integer. The multi-indices of weight m are in 
one-to-one correspondence with the subsets of the set {1, 2, . . . , to — 1} by 

S m : (on, . . . ,a s ) t-y {a\,ai + oc%, . . . , a.\ + a 2 H + a s -i}. 
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For example, in the case m = 3, we have 

(3)->0, (1,2) ~{1}, (2,1) ^{2} and (1,1,1) ^ {1,2} 
from the diagrams 

ooo, o o o, o o o and o o o- 

12 12 12 12 

Definition 2.1. Let to be a positive integer and let a be a multi-index of 
weight to. Then we define 

a * = s- 1 (s m ( a y), 

where S m (a) c denotes the complement of S m (a) in the set {1, 2, . . . , to — 1}. 
For example, we have 

(2,2)* = (1,2,1), (1,1,2)* = (3,1) and (4)* = (1, 1, 1, 1) 
from the diagrams 

° T oi ° r ' O and ° T T ° r ' 

where the lower arrows are in the complementary slots to the upper arrows. 
Let a — (a\, . . . ,a s ) be a multi-index. We define the multi-index a T to be 
(a s , . . . , a.\) and put 

^:=K) T = («T. (1) 
If a ^ (1), we define the multi-indices ~a and a" by 



a = 



(ai - 1, a 2 , ■ ■ ■ , a s ) if a\ > 2 
(a 2 , ...,a s ) if a-i = 1 



a 



and 

J (ai, . . . ,a s -i,a s - 1) if a s > 2 
|(ai, . . . , a s _i) if a s = 1, 

respectively. Then we have 

(«-)* = («*)-, (-a)* = -(a*), 

(a-r = -(a T ), r«r = («-)-, 

and therefore, 

(a-)* = -(a*), (-«r = (^)-. (2) 

Next, we turn to finite multiple harmonic sums. Let N denotes the set of 
all non-negative integers. We first define two operators on the space C N of 
complex- valued sequences which are used in the sequel. 
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Definition 2.2. We define the difference operator A: C N — > C N by putting 

(Aa)(n) = a(n) — a(n + 1) 
for any a G C N and any n G N. 

We denote the composition of A with itself n times by A™. If n = 0, we 
define A to be the identity map on C N . 

Definition 2.3. We define the inversion operator V: C N — > C N by putting 

(Vo)(n) = (A"o)(0) 
for any a G C N and any n G N. 

Finite multiple harmonic sums arc partial sums of multiple zeta value series. 
In this paper, we consider the following finite nested sum 



S a (n) = ]T 



(m + • • • (n s + 1)°. 

for any multi-index a and any non-negative integer n. We note that 5 a (0) = 0. 
If we calculate the difference of the sequence S a , we obtain 

(AS a )(n)= ~^ S aa ,...,a.(n + 1), (3) 

where we put S a2t ... t a e (n + 1) = 1 in case s = 1. 



3 Multiple series which interpolate finite multi- 
ple harmonic sums 

In this section, we define the multiple series G a (z) for any multi- index a and any 
complex number z not equal to negative integers. Our purpose is to prove that 
this multiple series interpolates the finite multiple harmonic sums {S a ^(n)}^ =0 . 
That is, we prove that G a (n) — S a ^(n) for any non- negative integer n. 

For any integer r > 1, positive integers m, . . . ,n r and z G C \ { — 1, —2, . . .}, 
we write 

P r {n ll n 2l ...,n r ;z) = ■ — ^ 

(m + z)n2 ■ ■ - n r 



and 



P r (ni,n 2 , . . . ,n r ;z) 



1 

m 



i 



l 



ni + z / ri2 • • • n r 
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We define G a (z), for any multi-index a — (pti, ■ ■ ■ , a s ) and z G C\{ — 1, —2, . . .}, 
to be 

2_j P<*i ( mi > ••■i n i! z )^2 (™2, ...,n 2 ;z)---P as (m s , ...,n s ; z), 

m 1 >--->n 1 

>m2>->"2 

>m s >-">n s 

where the sum is taken over all positive integers which satisfy the condition. 
Examples are given in Section [T] 

It is easily seen that the multiple series G a {z) is a meromorphic function in 
the whole complex plane with poles at most at z — —a s , —a s — 1, — ot s — 2, ... . 
We note that G a (0) = 0. In this section, we consider only the case z G N and 
regard G a as a sequence. The following Proposition 13.11 is the key to prove 
Proposition 13. 21 which is the purpose of this section, and the proof will be given 
later. 

Proposition 3.1. Let a = (oex, . . . ,a s ) be a multi-index with |a| > 2 and let 
n S N. 

(i) If a s > 2 then we have 

(AG a )(n) = — 1 G a -(n+l). 
n + 1 

(ii) If a s = 1 then we have 

(AG )(n) = -J-(AG a -)(n). 
n + 1 

Proposition 13.21 is easily proved by induction using Proposition 13. II 
Proposition 3.2. Let a. be a multi-index. Then we have 

G a {n) = Sa'(ri) 

for any n £ N. 

Proof. The proof is by induction on \ac\. The case |a| = 1 is easily seen. We 
assume that |ce| > 2. Let a = (a%, . . . , a s ) and a x — (a\, . . . , a\). If a s > 2 
then we have a\ = 1. By Proposition 13. 11 the hypothesis of induction, @ and 
([3]), we obtain 

(AG a )(n) = — ±-G a - (n + 1) = _L^ K) (n + 1) = (AS«0(n). 
n + 1 n + 1 v y 

Since G„(0) = 5^(0) = 0, it holds that G a (n) = S a >(n) for any n e N. If 
a s = 1 then we have a\ > 2. Also in this case, we obtain G a {n) = S a y (n) for 
any n G N by a similar argument. We have thus completed the proof. □ 
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In the rest of this section, we prove Proposition 13.11 We first give another 
description of the multiple series G a (z). For any integer r > 1, positive integers 
n%, . . . , n r and z£C \ {— 1, —2, . . .}, we write 

Qr{ni,n 2 , ...,n r ;z) = ■ — — ■ — -, 

[m + z)(n 2 + z) ■ ■ ■ (n r + z) 

Q r (n 1 ,n 2 ,...,n r ;z) = (- 5—) ■ — —— ■ — - 

\rii ni + z J (n 2 + z) ■ ■ ■ [n r + z) 

and 

R r (ni,n 2 , ...,n r ) = . 

n\n 2 ■ ■ ■ n r 

In addition, we define 

Qo = Ra = 1- 

For any multi-index a. = (ax, . . . ,a s ), integers /3i, . . . , /3t > 1, . . . , I3' t _ 1 > 1, 
P' t > are uniquely determined by 

a = (1, . . . , 1,(3{ + 1, 1, . . . , 1, P' 2 + 1, . . . , 1, . . . , 1, P' t + 1). 

" v ' V v ' V v ' 

01 02 0t 

By definition, the multiple series G a {z) is written as 
^2 Qp x (h, ■ ■ ■,h;z)R f 3' 1 {k' 1 , . . 

ki>-->li>k' 1 >-->t' 1 
>k 2 >->h>k' 2 >->l' 2 

>k t >->l t >k' t >->l' t 

x Qp 2 ( k 2, ■ ■ ■,h;z)R / }' 2 (k' 2 , ...,1' 2 )- --Qfoikt, ■ ■ .,k;z)Rf3' t (k' t ,.. .,l' t ), 

where the sum is taken over all positive integers which satisfy the condition. 

We define more general nested sums, which appear in the process of the 
proof of Proposition 13. II Let C denotes the set of matrices 



/ 


7i 


□'1 


7i\ 


□2 


72 




72 




7 P 




iv) 



which satisfy the following conditions: 

• The number of columns is 4 and the number of rows is greater than or 
equal to 1. 

• The (1,1) entry is empty. The other entries in the first and the third 
columns are the symbols >, > or =. 



G 



• The entries in the second and the fourth columns arc non-negative integers 
and 71 > 1. 

• For 2 < i < p satisfying 7; = 0, we have Dj = 

• For 1 < i < p — 1 satisfying 7- = 0, we have = Dj+i. 

We denote by <QC the Q- vector space with basis C. Let n G N. We define a 
Q-linear mapping <£>„ : QC — > K by putting 



*n(C) 



E 



Qji 



h;n)Ry (k' 1 , . . 



k 1 >--->l 1 D' 1 k' 1 >--->l' 1 
n 2 k 2 >--->l 2 0' 2 k' 2 >--->l' 2 

O p k p >--->l p a' p k' p >--->l' p 



for any 



x Q 72 (fca, • • • > li \ n )R~f' 2 {k 2 , . . . , 1 2) • • • Q~/ p {k p , ■ ■ ■ , l p ] n)Rj^ (fc p , . . . ,l p ) 



eC, 





( 


71 


□'1 


7x\ 


c = 


□2 


72 


□•2 


72 






7p 




7J 



where the sum is taken over all integers which satisfy the condition. If 7 P ^ 
and 7p = 0, for example, the sum $ n (C) is defined independently of O' . Now 
we prove Proposition [3TTJ 

Proof of Provosition \ S.1\ Let a = (ax, • ..,a s ) be a multi- index with |a| > 2 
and determine integers /?x, • • • , Pt,0'i, ■ ■ ■ , P't-i — 1; Pt — ® ^y 



a = (!,...,!, # + 1,1,.. .,l,/3 2 + l,. 



1, /?; + !). 



/3i 



02 



We prove only the case ax = 1 and a s > 2 (i.e. /3x > 2 and /3£ > 1). The other 
cases (i.e. a\ > 2 and a s > 2, a\ — 1 and a s = 1, a% > 2 and a s = 1) can 
be proved similarly. We first give a lemma which is needed later. Its proof is 
immediate from calculations similar to the following: Let ni, . . . ,n r , mi, . . . , m q 
be positive integers and nGN. If n r = mi then we have 



Rr(ni, . . .,n r )Q q {mi, 
1 1 



n + 1 



, m q ; n+1) 
1 1 



m ■ ■ ■ n r -i \n r mi + n + 1 / [mi + n + 1) • • ■ (m q + n + 1) 
— |i?r(nx, • . . ,n r )Q q ^i(m 2 , ■ ■ ■ ,m q ;n + 1) 

-i?r_x(nx, • • • ,n r _x)Q 9 (mx, . . .,m q ;n + 
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Lemma 3.3. Let 



C 



( 71 □; i[\ 

□ 2 72 n' 2 72 



G C 



unift 71 > 2, 72, . . . , 7 P , 7j , . . . , 7p > 1 and Zei n G 
(i) Lef 2 < i < p. // equals to — then we have 



C 



n+ 1 





7i 


□i 


7i\ 


□2 


72 


□'2 


72 


A, 


7i"l 




7 4 ' 


VP* 


7 P 




7j 





7i 


□i 


□2 


72 


□'2 


□i-i 


7i-i 




0, 


7j 






7p 


°; 



7( 

72 



7; 



/ 



modulo the kernel of the linear map $ n +i : QC — > M, where Aj equals to > if 
7i > 2 and to i/7i = 1; Q« equals to > i/7 J '_ 1 > 2 and to if = 1. 



C = 



1 



p. J/ □ ■ equals to 


= £/ien we Ziawe 












( 71 □; 

□ 2 72 a 2 


7i\ 

72 


1 

n+ 1 


/ 

□2 


71 
72 


□i 
□2 


7i 

72 


\ 


□i 7,-1 A^ 




□i 


7i 


0< 


ii- 


1 


\n P 7 P 


7j 






7 P 


°; 


7; 


/ 



n+ 1 



modulo the kernel of the linear map <& n +i : QC — > M, where equals to > if 
7i > 2 and to if 7$ = 1; Oi equals to > 1/7- > 2 and to 1/7- = 1. 

In the following, we calculate (AG a )(n). By definition, we have 



f Pi > 
> P2 > (3' 2 



\> fit > P't) 

E 



Q ft (fci + l,...,/i + l;n)i2 / ,/(fei,...,/i) 



fei>--->ii>fej>--->;' 1 

>fe 2 >-->i2>fc2>-> ( 2 



>/c t >--->i t >fe;>--->;; 

xQ ft (fe+l, . . . , / 2 +l; n)i2/9j (fc 2 , . . . , Z 2 ) • • • Q ft (fet+1, . . . , i t +l; n)% (fcj, . . . , l' t ). 

(4) 

Since each term 

Q ! 3 1 (k 1 + l,mi + 1, . . . ,h + l\n)R^{k[, . . .,l[) 

xQ ft (fe+l, . . . , Z 2 +l; njii/j/ (fc 2 , . . . , 1' 2 ) ■ ■ ■ Q f j t (fct+1, . . . , n)% (fej, . . . , l' t ) 
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is written as 
1 1 



+ 1 h ' Fl - kl + n + 1 )Q^(m 1 ,...,h;n + l)R, l {k' 1 ,...,l[) 
xQp 2 (k2,...,h;n+ 1)R > 2 (k' 2 , . . . , ■ ■ ■ Q 0t (k t , . . . , l t ; n + 1)% (K,..., l' t ), 



the right-hand side of (@| is equal to 
( 01 > 0[\ 

> 02 > 0' 2 



<1> 



n+1 



\> Pt 
Therefore we see that 



> 



1 



ft 



n + 1 



/ Pi-l > 0[\ 

> 02 > 0' 2 

\> 0t > 0'J 



)■ 





/ 


0i 


> 


0i\ 




( 0i 


> 


0'l\ 


(AG a )(n) =* n+1 ( 


> 


02 


> 


02 




> 02 


> 


02 




v> 


0t 


> 


0't) 




{> 0t 


> 


0't) 



1 



n + 1 



/ 01-1 > 0[\ 

> 02 > 02 



)■ 



V> 0t > 0't) 

This equation and the following Lemma 13.41 imply Proposition 13. H 

Lemma 3.4. Let p be a positive integer and n £ N. For any integer's 71 > 2 

72, ■ ■ ■ )7p>7ij ■ ■ ■ n' P > 1 , we have 



f 


7i 


> 








71 


> 


A 




> 


72 


> 


72 




> 


72 


> 


72 






7p 


> 


7pJ 






7p 


> 


7;y 
















7i - 


1 


> 7i\ 








1 


> 


72 




> 72 








ill 


- 1 
























7p 




> 7 P/ 





( 


71 


> 


ix \ 


1 


> 


72 


> 


72 


n+1 


> 


7?>-i 


> 


7p-i 






7 P 


> 


7p-V 



modulo the kernel of the linear map $> n +i : C 
Proof. In the proof, for example, we denote 



by 



/ 


7i 


> 


7r \ 


> 


72 


> 


72 


> 


7i-i 


> 


7<-i 




7< 


> 


7' 


> 


7*+i 


> 


7i+i 


v> 


7 P 


> 


iv ) 



> 

li > 

> 
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for abbreviation. We easily see that 



/ 


7i 


> 


71 1 




/ 71 


> 


7i\ 


> 


72 


> 


72 




> 72 


> 


72 


v> 


7p 


> 


7^ 




V> 7 P 


> 


ip) 




f 


7i 


> 


1 1 


p 








> 


72 


> 


72 




(I 


ft '. 








> 


7' / 


,=2 








{> 


rp 






and 
















/ 


7i 


> 


A 




/ 71 


> 


i\ 


> 


72 


> 


72 




> 72 


> 


72 




7p 


> 


ip) 




V> 7p 


> 


7p/ 






7i 


> 


i\ 






> 




> 


72 


> 


72 






7* = 






> 












> 




V 


1p 


> 







p /> 

E 



> 



= n 
=2 \> 



> 



> 



> 



7 + 



E 

p>2> 7 > 1 



> 7, 
> 



7i 



p /> 
E > 7, 



> 



> 



7< 



E 

p>j>j>i 



> 7, 
> 

= 7i 

v> 



From these we obtain the congruence 



( 7i > 7i\ ( 7i > 7i\ 

> 72 > 7 2 



> 72 > 72 

\> 7p > l' P J 



\> 7p > i p ) 
p (> 

-E i 7 



> 



7; - 



=1 \> > 

which together with Lemma l3. 31 proves the lemma. 



p /> 

M 

J=2 \> 



> \ 

= i 
> 

> i 
> 



> 

= i 
> 

> i 
> 



I it\, 
□ 



4 Multiple series expressions for the Newton se- 
ries which interpolate finite multiple harmonic 
sums 

We start with the definition of the Newton series. Let a E C N be a sequence 
and z a complex variable. The series 



/(*) = X>l)"(Va)(n) 



n=0 



z(z - 1) • • • {z - n + 1) 
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is called the Newton series which interpolate a sequence a, where the definition 
of Va is given in Definition 12.31 In fact, we have f(n) = a(n) for any n G N. 
(See [3J Section 4].) For the convergence of the Newton series, the following is 
known (see for instance [H Section 10.6]): there exists some p G iU {±00} such 
that the series f(z) converges for any z G C with Re z > p and diverges for any 
z G C \ N with Re z < p. Clearly, such a p is uniquely determined. This p is 
called the abscissa of convergence of the Newton series f(z). In the half-plane 
Rez > p, the function f(z) is holomorphic. 

Let a be a multi-index. In this section, we consider the Newton series 

00 

F a (z) = ^(V5 a )(n) 

n=0 

which interpolate the sequence S a . The following Proposition 14.11 provides the 
abscissa of convergence of F a (z). 

Proposition 4.1. Let a. be a multi-index and let a* = (a*, . . . ,a^). Then the 
abscissa of convergence of F a {z) is equal to — a\. 

For a proof of Proposition 14.11 see 0| Proposition 5.1]. (Although Proposi- 
tion 5.1 in [3] is false for r — 0, its proof is valid.) Our objective in this paper 
is to prove that 

F a (z) = G^(z) 

for any Re 2: > — a\. For this purpose we use the following proposition. 

Proposition 4.2. Let a, b G C N be sequences and let p G R. We suppose that 
the Newton series 

00 / \ 00 

/(z)=X>l) n (Va)P) and g{z) = £(-l)"(V6) 

converge for any z G C with Rez > p. If there exists N G N such that f(n) = 
g(n) for any n G N with n > N, then we have f(z) = g(z) for any Re z > p. 

Proof. Since the sequence c(n) := a(n) — b(n) vanishes for any n > N , there 
exists some polynomial P with degree at most N such that (Vc)(ra) = P(n) 
for any n G N. Therefore the assertion follows from the following fact: For a 
polynomial Q with degree d, the Newton series 

n=0 ^ ' 

has the abscissa of convergence d and vanishes in the region Rez > d (see [4, 
Section 10.6]). □ 

If the function G a * (z) is expressed by a Newton series in some half-plane 
Re z > a (u £ I), we obtain the equation 

F a {z) = G a >(z) 
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for any Rez > max{— a\,a} by Propositions 13.21 and 14.21 This equation is 
still valid for any Rez > —a* since the functions F a (z) and G a >(z) are both 
holomorphic in Rez > — a*. Therefore we have only to show that the function 
G a s (z) is expressed by a Newton series in some half-plane. This follows easily 
from Proposition ^. 31 Before stating Proposition ^. 31 we remark some properties 
of a function used in the proposition. The following function 



i){0) = cos(91og(2cos6>) 



is an even function and monotone increasing on the interval [0, tt/2]. Moreover 
we have 

^(0)=log2 and V (f) = \- 

Proposition 4.3. Let /(z) be a junction which is holomorphic in the half-plane 
Re z > a (aefi). Let A > and (5 be real numbers and let a real function e(r) 
on [0, oo) tend to zero as r — > oo. If the inequality 

\f(a + re i6 )\<Ae r ^ e \l + rf +e ^ 

holds for any r > and \9\ < ir/2, the function /(z) can be expressed by a 
Newton series in the half-plane Rez > max{a,/3 — 1/2}. 



Proof. See Chapter V]. 

Let a be a multi-index. Since we have 

r (n 1 ,n 2 , ...,n r ;z) 



□ 



(n r + z) 



< 



n\n 2 



ni{ni + z)(n 2 + z) ■ 
if Re z > 0, there exists some constant A > such that the inequality 

\G a (z)\<A\z\ 

holds for any Rez > 0. According to Proposition 14.31 the function G a (z) is 
expressed by a Newton series in some half-plane. Consequently, we obtain the 
following theorem which is our main result. 

Theorem 4.4. Let a be a multi-index and let a* — (a*,...,a|). Then we 
have 

F a {z) = G^{z) 



for any Re z > — a\. 



5 A formula for multiple zeta values 

In this section, we evaluate the fc-th derivatives at z = of the functions F a {z) 
and G a {z) for any multi- index a: and any integer k > 1. These derivatives 
are all Q-linear combinations of multiple zeta values (MZV's). Since we have 
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Fk '(0) = G^V(O) by Theorem we can obtain Q-linear relations among 
MZV's. The relations for k = 1 are nothing else but the duality for MZV's. 

We give some definitions which are used in the sequel. For any multi-index 
a = (ai, . . . , a s ), we define a multi-index + ot by + a — (ax + 1, a 2 , . . . , a s ) and 
put + I = { + ot \ot G /}, where / is the set of all multi-indices. An element of 
+ I is called an admissible multi-index. We denote by V and + V the Q-vector 
spaces with basis / and + I, respectively. 

We define Q-linear mappings u and d from V to itself by putting 

u{ a ) = J2? 

/3>ct 

and 

d(a) = Y,P 

/3<a 

for any a. € /, respectively. The partial order > on / is defined by setting 
(3 > ol if (3 is a refinement of a:. (See O Section 2] for the precise definition.) 
For example, we have 

u(l,3) = (1,3) + (1,2,1) + (1,1, 2) + (1,1, 1,1) 

and 

d(l, 2, 3) = (1,2, 3) + (3, 3) + (1,5) + (6). 

We extend the mappings * : / — * V, a i— > a* and r : / — > V", a i— > a T by 
Q-linearity onto V. It is easily seen that 

dr = rd. (5) 

In addition, we have 

* d — u * . 

(For the proof of this assertion, see [3l Proposition 2.3 (i)].) 
We define a Q-bilinear mapping ®: V x V ^ + V by putting 

a © /3 = (ax + Pi) # ("a * 

for any a = (ai, . . . , a s ) G / and any (3 = (/3i, . . . , (3 t ) G /. The symbols # and 
* denote the concatenation operator and the harmonic product, respectively. 
(See O Section 2] for the precise definitions.) For example, we have 

(an,, a 2 ) © (/?i) = (ai + ft) # (a 2 ) = (ai + ft, a 2 ) 

and 

(a x , a 2 ) © (ft, ft) = {ax + ft) # {(a 2 ,ft) + (ft, a 2 ) + (a 2 + ft)} 

= (ai +ft,a 2 ,ft) + [ax +ft,ft,a 2 ) + (ai +ft,a 2 +ft). 
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(6) 



Let a — (oti, . . . , a s ) be a multi-index. For any /j£ + J with Z(/x) = |ck| , we 
define Cc*(m) €lby 

Ca(/i) = E 



/ill Mini U 2 1 M2ao U s i Ms 

• • • n 1 ■ ■ ■ n 2 ■ ■ ■ mj sl • • • n« 



mi>'">ii ____ 

>m 2 >->n 2 " " w 

ai ft2 Q s 

>m s >->n s >0 

where 

A* = (^lli ■ • • j Mlai > ■ ■ ■ , M2a 2 ! • • • i Mslj ■ ■ ■ j Msa„)- 

s ^ v. ^ v. 

For any Q- linear combination v of the admissible multi- indices of length |a|, we 
define ( a (v) by Q-linearity. For any admissible multi-index /x = (/^i, . . . , /i p ) we 
put 

CO) = C(p)(M), 

which is the usual multiple zeta value, and extend the mapping £ : + / — > K by 
(Q-linearity onto + V. Now, we give the derivatives of the functions F a (z) and 
G a (z) at z = 0. 

Proposition 5.1. For an?/ multi-index a and any integer k > 1, we have 
^M = (-l)^C«a*)©(l ) ...,l)). 



Proof. See [31 Proposition 5.2]. □ 

Proposition 5.2. For any multi-index a — (ax, . . . , a s ) and any integer fc > 1, 
we /iawe 

^p z = (-i) fc - 1 E ^( fci+i,i,... > i ,..., fc.+i,i,...,i ). 

feiH hfc s =fc * " 

fci>l, fe 2 , fe 3 >0 1 

Proof. Let r > 1 and let n\, . . . , n r be positive integers. Then we have 

pW(n 1 ,...,n r ;0) = ^P r (ni,...,n r ;^) _= i?^^' ( 7 ) 



for any integer fc > 0. In addition, we have 



z=o m U2 ■ ■ ■ n r 



if fc = 



pW(n 1 ,...,n r ;0) = ^P r (n 1 ,...,n r ;^) = { ( - I )'-'/,-! 



2=0 I , — if fc > 1. 

71]/ H2 ■ ■ - n r 



(8) 
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By the Leibniz rule, it holds that 

fc! 



Gf«(0)= J2 



ki\---k s \ 

k! + ---+k s =k 

ki, k a >0 

mi>->tii 
>m2>'">"2 

>m„>— >n„>0 

for any fc > 0, which together with ([7]) and {SJ gives the desired equality. □ 

By Propositions 15. 11 15.21 and Theorem 14.41 we obtain a formula for MZV's. 

Proposition 5.3. For any multi-index a — (a%, . . . , a s ) and any integer k > 1, 
we have 

J2 C Q ( fci + 1,1, ■ • ■ • , ks + l ,1,-..,1 ) = C(^K) © (1, ■ • ■ , !))■ 

felH h^'s— ^ 7 

fci>l,fe 2 ,.-,fc»>0 1 3 K 

We define a Q-linear mapping £ + : — > R by 

C+ = C(V), Me/. 

If we set k = 1 in Proposition [531 we obtain 

C„(2,l J ...,l) = C + (d(a T )) (9) 

V ' 

|a| 

for any a E I. In the rest of this section, we prove that this assertion is nothing 
else but the duality for MZV's. The duality for MZV's is the statement that for 
any multi-index a we have 

(* - r)(a) = a* - a T E kerC + . (10) 

We first rewrite the left-hand side of the equation ([9]). Let a — (a\, . . . ,a s ). 
By definition, we have 

U2,i,...,i)= — . (ii) 

^ ~" „ mi • • • ni • • • m, • • • n H 

mi>--->m>--->m B >—>n B >0 v 1 * s_f_ v _3» 



In the following diagram, the lower and the upper arrows, respectively, indicate 
the positions of the symbols > and > in the expression under the summation 
sign of (JTIK: 

a± a.2 a 6 

o-oo-o °t"'t° ' 
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Let ct* = {a\ , ...,«(). Since the above diagram is the same as 



the right-hand side of (| 1 1 1) is equal to 

£ k? I* k I = ^ a ^ 

k 1 >...>i 1 >...>fc t >...>i t >o Ci e 5 



Hence, by (O and ([6]), the equation (J9j) can be rewritten as 

(* - r)d(a) e kerC + . (12) 

What we want to show is that the subspace (* — r)(V) of kcr£ + spanned 
by the elements in (jTUJ) is equal to the subspace (* — r)d(V) of ker£ + spanned 
by the elements in (fT2"j). Since the mapping d: V — > V is a bijection (see [3, 
Proposition 2.3 (h)]), this assertion is clearly true. 
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